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SETTING THE STANDARD
—

Kirchhoff’s Analogy for a Planar
Deformable Ferromagnetic Rod

Kirchhoff’s kinetic analogy relates the equilibrium solutions of an elastic rod or strip to the
motion of a spinning top. In this analogy, time is replaced by the arc length parameter in the
phase portrait to determine the equilibrium configurations of the rod. Predicted equilibrium
solutions from the phase portrait for specific boundary value problems, as well as certain
localized solutions, have been experimentally observed. In this study, we employ the kinetic
analogy to investigate the equilibrium solutions of planar soft ferromagnetic rods subjected
to transverse and longitudinal external magnetic fields. Our analysis reveals a subcritical
pitchfork bifurcation in the phase portrait of a ferromagnetic rod subjected to a transverse
external magnetic field as the axial load is decreased continuously from a large compressive
load. Similarly, a supercritical pitchfork bifurcation is observed in the case of a longitudinal
external magnetic field. We predict equilibrium configurations for a free-standing soft fer-
romagnetic elastic rod and the same subjected to canonical boundary conditions. Further-
more, we observe novel localized equilibrium solutions arising from homoclinic and
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heteroclinic orbits, which are absent in the phase portraits of purely elastic rods.
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1 Introduction

The Kirchhoff kinetic analogy provides a rigorous mathematical
framework that establishes a correspondence between three seem-
ingly distinct physical systems: the motion of symmetric spinning
tops, the dynamics of planar pendulums, and the equilibrium con-
figurations of inextensible elastic rods [1]. This analogy is particu-
larly significant because it enables the transfer of well-characterized
solutions and analytical techniques developed for spinning tops and
pendulums to the study of elastic rods. This analogy further moti-
vates the study of equilibrium solutions of ferromagnetic elastic
rods using phase portraits, albeit through numerical integration.
By mapping the governing equations of one system onto another,
the analogy provides a deeper understanding of the deformation
of free-standing ferromagnetic elastic rods as well as ferromagnetic
elastic rods subjected to various canonical boundary conditions.

There is, however, a fundamental distinction between the dynam-
ics of spinning tops (or planar pendulums) and the stationary solu-
tions described by the Kirchhoff rod model. The motion of spinning
tops and pendulums is governed by initial value problems, whereas
the Kirchhoff rod model is formulated as a boundary value problem.
For spinning tops, solutions are determined by specifying initial
conditions, such as the position and velocity of the rigid body at
a given time. In contrast, for elastic rods, prescribing the slope or
curvature (displacement boundary conditions) and the force or
moment (traction boundary conditions) at a single point does not
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represent a physically realistic scenario. Typically, the focus is on
determining the equilibrium shape of a rod constrained at two dis-
tinct points in space.

Furthermore, in the theory of elastic rods, localized solutions
constitute some of the most intriguing types of solutions. These
solutions are crucial for understanding buckled instabilities in
rods, where they can twist and form self-contact at discrete
points. Such instabilities are observed in the helical supercoiling
of DNA molecules, leading to the formation of structures known
as plectonemes [2]. Similar self-contact localized solutions have
also been reported in rods subjected to simultaneous twist and
tension [1]. To investigate localized solutions for a ferromagnetic
rod, we analyze the homoclinic and heteroclinic trajectories; an
example of such a solution for a symmetric rod is shown in
Fig. 13. In contrast, homoclinic solutions are not typically observed
in spinning tops or pendulums, as they connect to unstable equilib-
rium fixed points, rendering them practically unobservable in these
systems.

The motivation for this study originates from earlier work by
Prof. Richard James [3], where the authors investigated the pure
bending problem of an elastica composed of a material with a non-
convex stored energy function. Their analysis revealed that, for
certain terminal bending moments, the equilibrium configuration
is not unique. Functional materials such as shape memory alloys
typically exhibit nonconvex stored energy functions. Another
class of functional materials that has been extensively studied
using the variational principles of micromagnetics is ferromagnetic
materials [4,5]. This leads to a natural question: How would a fer-
romagnetic elastica respond to terminal loads?

In this article, we attempt to address this question using Kirch-
oft’s kinetic analogy. We begin by deriving the total energy of
the ferromagnetic rod and demonstrate that the associated

AUGUST 2025, Vol. 92 / 081003-1

G20z AeIN 80 UO Jejeny pueyd euysuy "y 'O ‘alojeBueg - 80ueI0g Jo aInysu| ueIpu| Aq 1pd E6€ L -FZ-Wel/6YL 87y 2/2G2890% L/GL L L 0L/10p/pd-ajoiLe/solueyoswpaldde/Bio-awse uonoa||0o|e)bipswse;/:dny woy papeojumod


mailto:krishnaagr@iisc.ac.in
mailto:dabade@iisc.ac.in
https://crossmark.crossref.org/dialog/?doi=10.1115/1.4068252&domain=pdf&date_stamp=2025-05-08

Hamiltonian, derived from the energy density (Lagrangian), is inde-
pendent of the arc length parameter. This observation enables us to
invoke Kirchhoff’s kinetic analogy for ferromagnetic rods. Conse-
quently, the Hamiltonian of this system is conserved along trajecto-
ries in phase space, with each trajectory representing a different
deformed configuration of the ferromagnetic rod of varying
lengths. Our analysis reveals subcritical and supercritical pitchfork
bifurcations in phase space under transverse and longitudinal exter-
nal magnetic fields, respectively. Furthermore, we observe novel
homoclinic and heteroclinic orbits that correspond to localized solu-
tions of the ferromagnetic elastica. Finally, we address certain
boundary value problems using Kirchhoff’s kinetic analogy,
which involves finding trajectories that satisfy both the boundary
conditions and the length constraint.

In Sec. 2, we introduce the total energy functional and the
Lagrangian of a ferromagnetic rod, followed by the derivation of
the corresponding Hamiltonian. Section 3 is devoted to constructing
the phase portrait of the Hamiltonian for both transverse and longi-
tudinal external magnetic fields. This analysis provides the equilib-
rium configurations of various free-standing ferromagnetic rods, as
described in Sec. 4. Each equilibrium configuration is determined
by the selected trajectory. In Sec. 5, we address certain canonical
boundary value problems using the phase portrait framework
under the assumption that the vertical reaction force is zero.
Finally, the article concludes with a summary and discussion pre-
sented in Sec. 6.

2 Energy Formulation

In this section, we present the total energy of the ferromagnetic
rod along with its energy density, represented by the Lagrangian
f. The associated Hamiltonian is derived using the Legendre trans-
form of f. We will show that the associated Hamiltonian is indepen-
dent of the arc length s. We begin with the kinematic description of
ferromagnetic rods. For a detailed similar exposition for ferromag-
netic ribbons, we refer the reader to Ref. [6].

2.1 Kinematics. Rods possess two widely separated length
scales—length (/) and diameter (a)—such that a </ (see Fig. 1).
In the undeformed configuration, the rod with a circular cross
section is represented in the standard Cartesian basis (e, ez, €3) as

X(s, a1, ay) = sez + ae; + izer (D

where s denotes the centerline arc length coordinate, and &; and a,
are the transverse coordinates. Here, s € [0, 1],
& € [—(a/2),a/2], i=1,2, such that & + & =&, a € [0, a/2].
The centerline representation of the deformed planar rod is given by

x(s, ay, dz) =r(s) + aid;(s) + aada(s) ()

where r(s) denotes the position vector of a centerline material point,
and (d,(s), d2(s), d3(s)) is the orthonormal material frame basis. The
rod is uniform and is assumed to be (i) unshearable, which implies
that the cross sections normal to the centerline in the undeformed
state remain normal after deformation [7,8] such that
&) . di(s)=0, i=1,2, and (ii) inextensible, that is, L = ds(s).
We employ Kirchhoff’s rod theory to model the deformation of
the rod.

We assume the centerline to be smooth and regular, with a <
1/ming x(s) [9], where x(s) is the curvature at s [Sec. 2.1,10]. We
also assume that the rod centerline lies in the e, — e3 plane and
does not undergo any twist in the deformed configuration, implying
that d;(s) =e;. The material basis vector d,(s)=ds(s) Xd;(s)
[11,12]. Therefore, r(s) is the only vector required to completely
describe the kinematics of the rod.

The schematic of the centerline in the deformed configuration is
shown in Fig. 2. The coordinates of the centerline in (e, e, €3)
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basis are given as follows:

A A

sin O(3)ds, z(s) = J cos O(3)ds 3)
0

xs$)=0, y= j

0
where 6(s) denotes the angle between the tangent vector field ds(s)
and e; basis vector at s. The tangent vector field d3(s) (or #(s)) is
given by ds(s) = (0, siné(s), cos(s)). Therefore, the normal
vector field, as defined in Ref. [Sec. 2.2,10], is n(s) =d,(s)=
&9 /k(s) = (0, cosO(s), —sin6(s)), where x(s)=92 s the
bending curvature.

2.2 Total Energy. We now construct the total free energy
functional (€) of the ferromagnetic rod, which is comprised of
two components: mechanical energy (Eqjastica) and magnetic
energy (gmagnetic) such that

€= Eelastica + gmagnetic )

The mechanical energy is composed of bending and loading
device energy. The magnetic energy captures the energy associated
with the magnetization of the ferromagnetic rod and its interaction
with the applied magnetic field, and is motivated by the theory of
micromagnetics [4,13].

2.2.1 Mechanical Energy. For an inextensible rod, the primary
source of elastic energy is bending energy. We denote the sum of
the bending energy and the loading device energy as Egjastica
which is given as follows:

1( !
Eelastica = —j EI*(s)ds +P[1 —J cos O(s)ds
h 0
Elastic (or bending) energy Loading energy
(&)
subject to the integral constraint:
!
() = j sind(s)ds =0 6)
0

This constraint implies that the y-coordinate of the centerline at
s=1is zero. Here, E is Young’s modulus, I = za*/64 is the area
moment of inertia of the circular cross section, EI is the bending
stiffness of the cross section, and P is the horizontal dead load
(see Fig. 2). We shall assume the following convention: P > 0 indi-
cates compression and P < 0 denotes tension.

2.2.2 Magnetic Energy. We employ the variational framework
of micromagnetics to formulate the magnetic energy of a

P

I B N

Fig. 1 Geometry of the ferromagnetic rod illustrating the repre-
sentation of magnetization vector m(s) and the material frame
basis vectors {d(s), da(s), d3(s)}
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Fig. 2 Schematic setup of the ferromagnetic rod

ferromagnetic rod composed of materials such as iron or nickel. The
magnetization vector, m(x), is the primary variable in the micro-
magnetics functional and is supported on €, where |m(x)| =1 for
x € Q. Here, Q represents the deformed planar ferromagnetic rod.

|

T ted T 1 11

Fig. 3 Soft ferromagnetic rod in the presence of a transverse h,

The micromagnetic energy functional [5] comprises the follow-
ing components:

Emagnetic = AL |Vm(x)|*dx + K[,LCD(m)dx + de[m ()| dx — 2deﬂhe - mdx @)

fex ‘ganisotropy

where Eex denotes the exchange energy, £ represents the

anisotropy

magnetocrystalline anisotropy energy, refers to the mag-

5demag.
netostatic or demagnetizing (demag.) energy, and £7qaman 1S the
Zeeman energy. Here, A, K, and K, are material parameters. The
parameter A is defined as the exchange constant while K, is
known as the anisotropy constant. The magnetostatic constant K,
depends on the saturation magnetization M; and is given by
Ky =M?/2u,, where y, is the permeability of free space. The
demagnetizing field is denoted by h,,, and the external magnetic
field is represented by h,, expressed as h, = h.(0, siny, cosy),
where y is the angle between e3 and h, (see Fig. 2).

We consider a soft ferromagnetic rod for our analysis. For soft
ferromagnetic rod, K, — 0, and therefore Sanisotropy is negligibly
small. The magnetization m has no preferred direction of orientation
and aligns parallel to the sufficiently large external magnetic field
h,. Thus, m is constant. As a result, the exchange energy evaluates
to zero while the magnetocrystalline energy is constant [6]. There-
fore, the micromagnetic energy is composed of the sum of demag-
netizing and Zeeman energies. The Zeeman energy favors the
alignment of m parallel to the external magnetic field k., and it is
expressed as follows:

ma® (!
&Zeeman = —2Ku Tjohe - mds (8)

For sufficiently large and fixed k., the magnetization vector m
remains constant, ensuring that h,-m is also constant. The
demag. energy is derived using a reduced magnetic energy
functional as presented in Ref. [9], and it assumes the following
form:

Kdﬂa2

)
Edemag. = 4 L(m(S) -dy(s))*ds )

Note that the demagnetization energy, £{emae.» depends on the
deformation, as it explicitly depends on the normal vector d(s) of
the rod in its deformed configuration. The reader is referred to
Ref. [6] for the derivation of a similar expression for
demag. energy of a ferromagnetic ribbon. Hence, the magnetic
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gdemag. ¢Zeeman

energy is given by

Kyra K nd?

2 ol
Emagnetic = 4 jo(m(S) ~dy(s))*ds —

1
j h, -mds (10)
0

—_——
constant

Dropping the constant terms, we have the following expression
for the magnetic energy:

Kdzra2

Emagnetic =72

!
j (m(s) - dy(s))*ds an
0

2.3 Total Energy of the Ferromagnetic Elastic Rod. Upon

substituting the expressions of Eqjastica (Eq. (5)) and gmagnetic

(Eq. (11)) in Eq. (4), we obtain the expression of the total energy
functional as follows:

) )
£0, m) = gj (de(s)}bigg)zds n P(l - j cos 6(s)ds>
0

2K zdsl 0 (12)
n "Za j(m(s)-dz(s))zds
0

By incorporating the integral constraint (Eq. (6)) with the aid of a
Lagrange multiplier R, we obtain the augmented energy functional
for the ferromagnetic rod. The resulting functional is then nondi-
mensionalized as follows:

~ 1 I
EO, m) = 71[ (0/(5))2515 + Kd,[ (mG) - n(3))*ds
2o 0
) ) (13)
+ P(l - j' cos 0(§)d§) - Rj sin O(5)ds
0 0
where 5: =5/l is the nondimensional arc length coordinate. For
notational simplicity, we define (-)(5): = {-)(s(3)). Also, K4, P,
and Q are nondimensional parameters defined as follows:

o Kud*/4 16K, (1)2 »_PP

_ RP
1TTEE T E T EI’

T El

a

Here, K is an important nondimensional number in our analysis,
representing the ratio of demag. energy to elastic energy in the fer-
romagnetic rod. It depends on the material properties and the aspect
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ratio (a/l) of the ferromagnetic rod. The magnetization m(s) makes
an angle ¢(s) with ez (see Fig. 2).

In a soft ferromagnetic rod subjected to sufficiently large and
fixed h,, m aligns along h, and we have ¢(s) = y. Therefore, the
nondimensionalised total energy functional for a soft ferromagnetic
rod is expressed as follows:

1
0, p)== j(ﬁ/(s))2d9+Kd j sin? ((5) — O(3))ds
0

1 1
- P(l - j cos G(E)dﬁ) - Rj sin (5)ds

0 0

1
= £, ¢p) = j [%(9’(3))2 + K sin? (¢() — 0(3)) + P cos 0(3)
0

_Rsin H(E)]dE _ p (14)
——
constant

2.4 Hamiltonian Formulation. For a given energy density or

Lagrangian f = f(5, 0(5), /(5)), the associated total energy func-
tional is expressed as

1
1(0)= j 1G5, 06), 0'(5))ds 15)
0

We obtain the extrema of the energy functional by equating its
first variational derivative to zero [14]. The extrema are the solu-
tions to the resulting Euler—Lagrange (E-L) equation, also called
the equilibrium equation, defined as

d <5f G, 6), 9’(@)) _ G, 06), 0'(5))
ds 00 00

=0 (16)
The Hamiltonian function () is defined as the Legendre trans-

formation of the Lagrangian (f) and is expressed as
H(, 0, v)=v0' —f(E 0,9) 17

where the Hamiltonian variable v— aa’ For the case when f is
explicitly independent of s, that is, L 2 =0and f =f(0(s), 0'(s)),

dH _doo —f) _ d of . Sy T Sy Oy

s ds )’ Ta0? "5 W’ a0
(&) _o
-[5(%) ae]g "

Using Eq. (16) in the above equation gives us
dHO(), v(s))

ds
Therefore, in the phase portrait of the Hamiltonian with @ and v as

the variables and 5 as the parameter, 7 remains constant as 5 varies
along a specific trajectory. This constancy implies that

=0 (19)

H(O, v) =vE — f(H, ") = constant (20)

We specify the value of this constant, which determines the equi-
librium shape of the free-standing ferromagnetic elastica. For
boundary value problems, this constant is determined based on
the prescribed boundary conditions.

¢
— -

8?—»2:5_7// ‘—\ < -

yl i

Fig. 4 Soft ferromagnetic rod under the influence of a longitudi-
nal h,
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‘We now proceed to derive the Hamiltonian for the soft ferromag-
netic rod under two distinct cases: (i) when subjected to transverse
external magnetic fields and (i) when subjected to longitudinal
external magnetic fields. The corresponding schematics for these
two scenarios are illustrated in Figs. 3 and 4, respectively.

2.4.1 Transverse Magnetic Field (y =n/2). Discarding the
constant term, the total energy functional (Eq. (14)) reduces to

1

£0)= j
0
—Rsin0(s)]ds @1

B (0'())* + K, cos 0(5) + P cos 6(3)

We note that £(6) remains the same for y = z/2 and v = —(7/2),
this is not surprising, as all terms in the micromagnetic energy func-
tional are even functions of the magnetization m(x). The Lagrangian
of the total energy functional is

1 _ -
f,6)= 3 (@' ()* 4+ Ky cos? 0(5) + Pcos 0(3)
— Rsin 6(s) (22)

We note that the Lagrangian is explicitly independent of the inde-
pendent variable 5, that is, £(5, 0, 8') =f(0, &). The E-L equation is

d (0f,0) _of(, &)
s\ o0 00

which implies that

=0 (23)

0" (5) + Psin0() + K, sin 26(5) + Rcos 6(5) =0 (24)

In order to construct the Hamiltonian, we define the following
variable v:

of
20 (25)
The Hamiltonian is obtained as
HO,V)=H@O,0)=0v—-f0,0)=00 —f@0, §)
26)

1 _ - _
=5 0'(3))* — K4 cos? O(5) — Pcos () + Rsin 0(5)

Since H(0, @) is constant along a trajectory, we obtain a family
of curves such that

HO, 0) = %(a/(s))z — K, cos?0()

— Pcos@(5) + Rsin0(s)=C 27)

For a free-standing elastica, C can take any arbitrary value.
Figure 10 depicts the constant-Hamiltonian trajectories in the
phase portrait for the transverse h, case, with parameters set to
P=17%/3, R=0, and K, =100. Also, the figure presents free-
standing deformed shapes of a ferromagnetic rod for various spec-
ified values of C. In the context of boundary value problems, the
constant C is determined based on the prescribed boundary condi-
tions of the planar ferromagnetic rod.

2.4.2 Longitudinal Magnetic Field (yw = x). The total energy
functional for the soft ferromagnetic rod exposed to the longitudinal
magnetic field is

1

E@) = j
0
—Rsin 0(s)]ds (28)

B (@' () + Ky sin® 6(3) + P cos 6(3)

For the same reason mentioned in the previous section, we
observe that £(0) is identical for y =0 and y = 7.
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Purely elastic case

400
30
L ]
< 300
20 200
P~ b
k . )
~
Sy 100
10
o3 0
Poe
0 -100
20 =
-200

-20\——4<‘/””/v— 2
4 -9 0
0
Fig. 5 Snapshots of phase portrait for a purely elastic rod as P
is varied. Red dot indicates the center while the black dot indi-
cates the saddle point. (Color version online.)

The Lagrangian is given by
1 _ - -
f,0)= 3 (@' (5))* + K, sin? () + Pcos () — Rsin0(5)  (29)
and the corresponding E-L equation is as follows:

0" (5) + Psin0(5) — K,;sin20(5) + Rcos 6(5) =0 (30)

We obtain the following Hamiltonian of the problem

HO, 0) = %(6«3))2 — K, sin? 0(3)
— PcosO(5) + RsinfG)=C €1))

Similar to the case of transverse k., Fig. 12 represents the phase
portrait containing constant-Hamiltonian curves corresponding to
longitudinal k, for the parameters set to: P=z2/3, R=0, and
K4 =100. The figure also presents the free-standing configurations
of the ferromagnetic rods.

Transverse h.: K; = 100

30 -,
300

.
200

104

P/n?

Fig. 6 Phase portrait snapshots for a soft ferromagnetic rod in
the presence of transverse h, as P is varied: P > 0 (compression)
and P < 0 (tension)

Journal of Applied Mechanics

The evaluation of R involves solving Eq. (6) along with the Ham-
iltonian for a prescribed C. However, computing nonzero R is quite
difficult [15] and it would not be amenable to phase plane analysis.
Therefore, for both transverse and longitudinal &, scenarios as well
as purely elastic cases, we study the configurations in which R =0,
as explained in Sec. 5. With R unspecified, the analysis becomes
more challenging. For the treatment of modes with R # 0, we
refer the reader to Ref. [6].

Therefore, we enumerate the Hamiltonian for the ferromagnetic
elastic rod subjected to transverse and longitudinal A, as follows:

e Transverse h,:
H, 0) = % @'())* = Kycos?0G) — PcosOGE) =C  (32)
e Longitudinal A,:

H, )= % O (G))? — Kysin?03) — Pcos035) =C  (33)

3 Phase Portraits

In dynamical systems theory, a phase portrait is a valuable tool for
visualizing the trajectories of a dynamical system within the phase
space. Phase portraits are also used to analyze critical points and
their characteristics. Drawing from Kirchhoff’s kinetic analogy [1],
the phase portrait is a graphical representation of a family of
constant-Hamiltonian trajectories (#(#, &)= C) in the phase plane
or the (0, 6')-coordinate space. Here, (9(5), 0'(5)) denotes the coordi-
nates of a trajectory parametrized by 5. The portrait is symmetric
about both the " and @ axes since the Hamiltonian (0, €') is invari-
ant under the transformations, § — —0 and ' — —@'. Also, it exhib-
its periodicity along the € axis with a period of 2z. Due to this
periodicity, we limit @ within the range —7 < 0 < 7.

We determine the critical points of the Hamiltonian and their
nature. The critical points are obtained by equating the gradient

of H to zero, that is,
oH
VH=|2]=0 (34)

i

For a soft ferromagnetic rod subjected to transverse k., we have,
using Eq. (32),
(%) 0 { 2/&, cos 4(5) sin 6(5) + Psin6(5) =0 35)
a0

For purely elastic cases, we have K, = 0. Putting K; = 0 in Eq.
(35), we obtain the critical points as follows:

r1=0,0), pr=(-70). p3=(xz0) (36)

The critical points are indicated in the Hamiltonian phase portrait
of purely elastic case in Fig. 5. The phase portrait is generated using
numerical integration and is consistent with previously reported
results in the literature. This agreement enhances our confidence
to proceed with the analysis of both transverse and longitudinal
h, cases.

Additional critical points are obtained for a ferromagnetic rod
exposed to magnetic fields. In the transverse h, case, they are
obtained by solving Eq. (35):

_ P 0 = P 0 37
p4—<—acos<—2T—(d), >, Ps—(aC()S(_ZT-(d)’ ) @37

We indicate the critical points for the transverse k. case in Fig. 6.
Similarly, the expressions for ps and ps for the longitudinal &,
case (Eq. (33)) are given as

P P
pa= (—acos(z—i(d), 0>, ps= (acos(z—kd), O) (38)
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Longitudinal h.: K4 = 100

P/r?

Fig.7 Phase portrait snapshots of a soft ferromagnetic rod sub-
jected to longitudinal h, as P is varied: P > 0 (compression) and
P < 0 (tension)

Figure 7 shows the critical points for a ferromagnetic rod sub-
jected to longitudinal A,.

We determine the nature of critical points using Hessian of the
Hamiltonian:

V2H=|:%2;2{ gg}:|=[2f(dc0529+13c0s6 0i| (39)
OH A 0 |
0000 60*

The critical point is a center if det (V2H) = 6*H/66* > 0, and a
saddle point when det(V>H) < 0. The trajectories encircling the
center are characterized by closed orbits, whereas at the saddle
point, trajectories either emanate from or converge to this point.
The separatrix is a nonperiodic trajectory that separates the region
containing closed-loop trajectories within it and the open-loop tra-
jectories outside. It connects the unstable manifold of one saddle
point to the stable manifold of another saddle point. Closed-loop
trajectories are periodic in nature, and the corresponding deformed

shapes exhibit inflectional points. In contrast, open-loop trajectories
are nonperiodic and their configurations do not possess any points
of inflection.

3.1 Purely Elastic Case. We begin our analysis with the phase
portrait corresponding to the purely elastic case (K;=0). We
compare our results with an earlier work done by Maddocks [16].
For P > 0, the critical points for the purely elastic case are p1, ps,
and p3, where p; is a center, while p, and p3 are saddle points
(see Fig. 5). An individual case of a separatrix is highlighted in
the phase portrait for the loading parameter P = z?/3 in Fig. 8.
The separatrix passing through p, and ps3 divides the phase plane
into two regions. In the first region inside the separatrix, the trajec-
tories form closed orbits that enclose the origin p; and intersect the
0’ = 0 axis leading to inflectional elastica. For any trajectory with an
inflection point, there exists a bound on € such that |f| < z. In the
second region outside the separatrix, the trajectories are unbounded
and do not cross the & = 0 axis. The resulting deformed configura-
tions on such trajectories have no inflectional points. The heterocli-
nic orbits joining the saddle points (p; and p3) coinciding with the
separatrix produce shapes with localized deformations. Note that for
a dynamical system, the heteroclinic orbit represents a nonperiodic
trajectory.

At P =0, the phase portrait is depicted by a family of constant-6’
lines. All the points on & =0 line are critical points. For P >0
(compressive), we have three critical points: the center p; and the
saddle points p, and p3. As P increases, the height of the region
bounded by the separatrix containing p;, also known as the “eye,”
increases along the '-axis (see Fig. 5). We now analyze the
phase portrait of transverse k..

3.2 Transverse h,. Figure 6 represents the phase portraits of a
ferromagnetic rod subjected to transverse h, at various values of P,
ranging from 3072 (compressive) to —30z (tensile). Our analysis is
conducted with K; = 100. At this value, it has been shown that the
magnetic energy significantly competes with the elastic energy [6].

Initially, at P =307 (compressive), there are three critical
points: one center p;, and two saddle points p, and p; (see
Fig. 6). As a compressive load is gradually reduced, we observe
that the points p, and p3 bifurcate at P =20.2672, resulting in the
emergence of two new critical points ps and ps. This value is

Purely elastic: P = -
10 > : M. :

50 4
P Cc=1
o C = -2
I +/\/\+ . .
1 C = 2.1384 c=3
C =41 C=6
Cc=25 C=o0

Fig.8 Purely elastic rod (P = z2/3): phase portrait with the separatrix highlighted in magenta
and free-standing deformed shapes. Arrows (—) indicate the loading direction. P is compres-
sive for trajectories inside the dashed closed orbit and tensile for those outside. (Color

version online.)
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derived from the expression P — 2K, = 0. After the bifurcation, p,
and p3 become centers while p4 and ps are saddle points. As P con-
tinues to decrease, p4 and ps drift toward p;. They eventually merge
with p; at P = —20.2622, which is obtained by solving the equation
P + 2K, = 0. Consequently, point p; transitions into a saddle point.

This leaves us with three critical points that are identical to those
in the purely elastic case. Therefore, as P is decreased from 3072 to
—307°, this indicates a subcritical pitchfork bifurcation. This resem-
bles a second-order phase transition with P as the order parameter.
Hence, the magnetization alters the phase portrait across a range of
values for P, with its extent governed by the parameter K;. We now
proceed to the study of the phase portrait of the longitudinal &, case.

3.3 Longitudinal &,. Figure 7 depicts the phase portraits of a
ferromagnetic rod subjected to longitudinal k, as P varies from
3077 to —307z%. We fix the value of K, = 100 for our analysis.

Initially, at P = 30z2, there are three critical points: one center py,
and two saddle points p; and ps3. As P decreases, the saddle point p;
bifurcates to form two new critical points (ps and ps) at
P =-20.2672. This behavior contrasts with the transverse h,
case. Following the bifurcation, p; transitions to a saddle point,
while ps and ps become centers. As P continues to decrease, ps
and ps drift toward p, and ps, respectively, eventually merging
with them at P = —20.26z%. The points p, and p3 become centers.
Ultimately, we are left with three critical points.

Therefore, as P is decreased from 3072 to —30x2, this indicates a
supercritical pitchfork bifurcation in the longitudinal k, case.
Similar to the transverse k, case, this too exemplifies a second-order
phase transition governed by the order parameter P.

4 Free-Standing Elastica

We begin this section by describing the methodology we adopted
to obtain the free-standing deformed configurations of the planar
ferromagnetic rod using the trajectories in the Hamiltonian phase
portrait. We study the following cases: (a) a purely elastic rod, (b)
a ferromagnetic rod subjected to transverse k., and (c) a ferromag-
netic rod exposed to longitudinal /.. We keep the parameters P and
K, fixed for our analysis, and set their values to P =7z?/3 and
K =100.

To obtain the free-standing shapes, we first choose a
constant-Hamiltonian curve in the phase portrait corresponding to
purely elastic, transverse k. and longitudinal &, cases, see Figs. 8,
10, and 12, respectively. We then integrate along the curve for
the desired length of the trajectory on the phase portrait to
compute the free-standing shapes. For a purely elastic rod
(K4 = 0), the trajectory is obtained from Eq. (32) for some chosen
value C =k as follows:

d—? 2/ P cos o0G)+ k

ds=

o=, o
> |ds=| ——
0 00 v/2+/ P cos O(3) + k
where 0y = 0(s = 0) is determined from the initial conditions.

For a ferromagnetic elastic rod exposed to transverse k,, the tra-
jectory is obtained from Eq. (32) for C =k as follows:

? = V2VK,cos? 0(5) + P cos 0(5) + k
5

(40)

(41)

X 0
j ! j "
= ds = — —
0 0y v/2y/K 4 cos2 0(5) + Pcos 0(3) + k

Similarly, the trajectory corresponding to longitudinal h, is
derived from Eq. (33) as

5 6
J ds = j = 40 = 42)
0 6o ﬁ\/Kd sin? O(3) + Pcos () + k

Journal of Applied Mechanics

The Cartesian coordinates of the rod centerline are computed as
follows:
5 5
(3 = J cos0(F)ds’ and  y(5) = J sin 8(5")ds’ (43)
0 0
In all Egs. (40)—(42), € is the independent variable while s is the
dependent variable. Therefore, we must first determine the minimal
interval of integration for the independent variable 0, specifically,
0 € [0y, 611, which is contained within the chosen constant-
Hamiltonian curve H(0, ') = k. The trajectories can be classified
into the following types:

(1) Trajectories with inflection points: These are trajectories
encircling the centers. For these trajectories, we identify 6,
and 0; as the points of intersection of the H(d, 8') =k
curve on the @-axis. We exploit the symmetric nature of
the phase portrait to construct an extended interval of integra-
tion, 8 € [ainitial’ Hﬁnal], where ginitial and Hﬁnal denote
the initial and the final points of the trajectory chosen for
integration.

(2) Trajectories without inflection points: In this case, we can set
6y =0 and let 8, be any value greater than 6, that is required
for integrating along the desired length of the trajectory.
Here, we have 0;i4ia1 = 6o and 0 .1 = 01

(3) Homoclinic and heteroclinic orbits: These are nonperiodic
orbits. For these orbits, we follow a similar approach as in
scenario (1) to determine 0y and 6, for the interval [0, 0;].
We then reverse this interval and append it to [6y, 0] to
create an extended interval, denoted as [6yitial- € finall-
When these trajectories approach a saddle point
@,0)=(=+ asaddle’ 0), the arc length parameter extends
to infinity:

0 = £05a4dle = 5 = F®© (44)

The deformed configurations corresponding to these tra-
jectories represent infinitely long rods subjected solely to ter-
minal forces.

When the chosen trajectory is a separatrix, numerical singularity
issues occur at the points of intersection on the 0-axis due to the
separatrix since the denominator of the integrands in Eqgs.
(40)—(42) evaluates to zero. To circumvent this problem, we
offset the limit points of integration, @y and 0, slightly from the
actual intersection points by approximately 1073,

We then numerically solve the ordinary differential equations
(40)—(42) using MATLAB’S built-in ode89 function. The ode89
algorithm [17] is a ninth-order accurate scheme and is highly effi-
cient for integrating over long intervals or when tight tolerances
are required. The numerical solution for § is obtained at discrete
values of @ within the interval [6;i(ia]> @ fina1]- This discrete solu-
tion is represented as {(s;, 0)}, where i=1,2,, N such that
s0) =0, O) = Oipitial> and Oy = O ginap> N is the number of dis-
crete points. Finally, the coordinates of the rod centerline are
obtained by numerically integrating Eq. (43) using the standard
trapezoidal method over the discrete solution set {(s), 8)) )~

4.1 Purely Elastic Case. In Fig. 8, we present the Hamiltonian
phase portrait and the free-standing deformed shapes for a purely
elastic rod. The type (1) trajectories within the separatrix, high-
lighted in magenta, generate shapes with inflection points. We
observe self-intersections during deformations, which have been
replicated in meticulously designed experiments on planar elastic
deformation of ribbons by Bigoni et al. [7].

The center, p;, represents an undeformed (trivial) configuration.
As the value of C increases from this trivial scenario—where C is at
its minimum—deformed configurations begin to emerge. For trajec-
tories in the immediate neighborhood of the center (p;), the free-
standing shapes experience a compressive load (P> 0). As C
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Fig. 9 Purely elastic case: localized deformed shape corresponding to a heteroclinic orbit

coinciding with the separatrix at C = 3.29

increases from its value at the origin, the ends of the shapes draw
closer together. On the trajectory with C = 2.1384, represented by
the dashed closed orbit in Fig. 8, the nature of loading P transitions
from compressive to tensile (P < 0) for the buckled configurations.
This transition causes the ends of the shapes to meet. When
C > 2.1384, the left and right ends of the undeformed rod exchange
their relative positions. This results in a tensile state for the rod. The
type (2) trajectories result in deformations that are circular in nature.
The free-standing shapes for the purely elastic case obtained in this
study are consistent with those reported in the literature [18].

The type (3) trajectory that coincides with the separatrix at C =
3.29 results in a localized buckled shape, as shown in Fig. 9. This
localized shape was obtained by integrating anticlockwise along
the heteroclinic orbit located on the lower portion of the separatrix,
which connects the saddle points, p, and p3. The choice of integra-
tion path influences the deformed shape only by producing a mirror
image of the #-axis. Since the heteroclinic orbit connects the saddle
points (p, and p3), (0, @)= (==, 0), the arc length parameter
extends to infinity:

0> +1=5—> Fo (45)

Next, we discuss the free-standing deformations of a ferromag-
netic rod in the presence of transverse k..

4.2 Transverse h, Case. Figure 10 presents the Hamiltonian
phase portrait of a ferromagnetic rod subjected to transverse h,
for P=72/3 and K;=100. Compared with the purely elastic
case, we have three centers (p;, p2, and p3) and two saddle points
(p4 and ps) in the transverse h, case. The separatrix is highlighted
in magenta in Fig. 10.

We illustrate the free-standing shapes of the deformed rod corre-
sponding to different types of trajectories in Fig. 10. Trajectories of
type (1) exhibit deformations with inflection points and are sub-
jected to compressive loading (P> 0). As C increases from its
value at the origin (p;), the ends of the deformed rod approach
each other. On the separatrix enclosing p;, the nature of loading
switches from compressive (P > 0) to tensile (P < 0), as indicated
by the dashed orbit in Fig. 10. Note that the separatrix coincides
with the dashed orbit. For type (1) trajectories with centers at p,
and ps, the deformed rod configurations also display inflection
points. In this case, the terminal ends of the rod cross each other,
resulting in a tensile loading condition. The shapes resulting from

081003-8 / Vol. 92, AUGUST 2025

type (2) shapes lack inflection points. As the value of C increases,
these deformations transition from oval-like to a circular shape as
C — oo.

The localized shapes corresponding to the heteroclinic orbits on
the separatrices, that is, type (3) trajectories, are shown in Fig. 11.
Both shapes exhibit steep deflections. For the shape produced by
the trajectory coinciding with the separatrix enclosing the origin,
the loading P is compressive in nature, and the shape is symmetric.
In contrast, for the shape corresponding to the separatrix enclosing
(+ 7, 0), the loading P is tensile, and the corresponding shape is
antisymmetric. Finally, we discuss the ferromagnetic rod subjected
to longitudinal A, field.

4.3 Longitudinal i, Case. Figure 12 depicts the phase portrait
of a ferromagnetic rod subjected to a longitudinal , for P = z%/3
and K, = 100. The phase portrait features two centers, denoted as
pa4 and ps, along with three saddle points identified as p;, p,, and
p3. In contrast to the purely elastic and transverse h, cases, this
phase portrait reveals the presence of two separatrices. The two
separatices—inner and outer—are highlighted in magenta and
black, respectively.

The free-standing deformed shapes of the rod are also shown in
Fig. 12. The deformations due to type (1) trajectories with centers
(p4 and ps) are helical and possess inflection points. With the
increase in C from its value at ps and ps, the deformed shapes
begin to tilt sideways. In contrast, type (1) trajectories lying
between the two separatrices undergo self-intersections. As C
increases from its value on the inner separatrix, the terminal ends
of the buckled shapes approach each other. At C =0, the ends of
the rod meet, and the nature of loading P switches from compres-
sive to tensile. For shapes with C >0, the left and right ends
switch their relative positions. As mentioned earlier, the deforma-
tions generated from type (2) trajectories outside the outer separa-
trix have no inflection points. As C — oo, these shapes tend to
form a circular ring.

The type (3) trajectories lying on the separatrices (C = +3.29)
exhibit localized buckled modes, as shown in Fig. 13. The localized
shape for the inner separatrix is obtained by integrating clockwise
along the homoclinic orbit at the saddle point p;, where the arc
length parameter 5 extends to infinity:

0—->0=5—>+0 (46)
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Fig. 10 Transverse h, (P = z2/3, Ky = 100): phase portrait with separatrices highlighted in
magenta, and free-standing deformed shapes. P is compressive for trajectories inside the
dashed orbit (coinciding with the separatrix enclosing p1) and is tensile for those outside.

Here, the loading parameter P is compressive in nature. The
shape corresponding to the outer separatrix is determined by inte-
grating clockwise along the heteroclinic orbit that connects the
saddle points (p, and p3), with P being tensile in this case.
Figure 13 also shows a double-looped shape corresponding to a
periodic trajectory of type (1) with its ends meeting.

5 Boundary Value Problems

In this section, we demonstrate how Hamiltonian phase portraits
can be used to solve boundary value problems related to the planar
deformation of ferromagnetic elastic rods. We focus on the defor-
mation of planar ferromagnetic rods under three canonical boundary
conditions. These conditions represent typical scenarios encoun-
tered in practice. The three canonical boundary conditions we
will examine are:

(1) fixed-free or Euler’s strut: 6 =0)=0,0'(=1)=0,
(2) pinned-pinned: #'s=0)=0,0'(5=1)=0,
(3) fixed—fixed: 0 =0)=0,0G=1)=0.

= g e

Transverse he: P = %, Ky = 100

o
<

Do

it

Fig. 11 Transverse h, (P =72/3, K4 = 100): localized shapes
obtained by integrating along the trajectory on the separatrix
enclosing p; (indicated by a black arrowhead) and the one
enclosing p, and p; (indicated by a blue arrowhead)
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As before, we consider three distinct loading scenarios: (i) purely
elastic, (ii) transverse h,, and (iii) longitudinal k.. We determine
the deformed configurations of the rod corresponding to the first
mode for all these scenarios. We also ensure that the total nondi-
mensional arc length of the rod is maintained at unity.

We begin by obtaining the deformations corresponding to the
first mode for the fixed-free case (Euler strut). The integration
path starts from a point on the '-axis (@ =0) for a trajectory
H(O, §')=C close to the origin. We continue the integration
along this trajectory until we intersect the @-axis (0’ =0),
completing a quarter-revolution (see Fig. 14(a)). Next, we incre-
mentally increase C until the total arc length of the shape equals
unity. The deformed shapes are illustrated in Fig. 15. The
shapes corresponding to purely elastic and transverse h, cases
for these canonical boundary conditions have been reported in
Ref. [6].

To ensure a nontrivial buckled configuration of the Euler
strut that satisfies the wunit length criterion, we select
p>13critica1 =7%/4. Note that if P<pcritical’ we cannot find
any shape for which the arc length is equal to 1. For the purely
elastic and transverse h, cases, we consider trajectories within the
separatrix enclosing the origin (see Figs. 8 and 10). For the longitu-
dinal ke case, we examine trajectories that lie between the first and
second separatrices (see Fig. 12). The shapes corresponding to
boundary value problems in this case lie between the separatrices.
We observe significant differences in the deformation of ferromag-
netic rods exposed to magnetic fields compared to purely elastic
cases. For instance, the nature of loading in the purely elastic
case is compressive, while that for the longitudinal &, case is tensile.

To obtain higher mode shapes for the fixed-free case, we inte-
grate through an increasing number of odd quarter-revolutions,
while ensuring that the specified P for each mode is greater than
the corresponding Pcritical for that mode.

Using a similar methodology that satisfies the boundary condi-
tions, we determine the deformed shapes for pinned—pinned
@GE=0=0,0G=1)=0) and fixed—fixed
@3 =0)=0, 65=1)=0) boundary conditions. All the pinned-
pinned shapes are symmetric, resulting in R = 0. In contrast, only
the odd-numbered modes of the fixed—fixed configurations exhibit
symmetry. Please refer to Ref. [6] to see the even-numbered
mode for R # 0 for purely elastic and transverse k, cases. This sym-
metry ensures that the integral constraint (Eq. (6)) is automatically
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Fig. 12 Longitudinal h, (P =#2/3, K4 =100): phase portrait with separatrices colored in
magenta and black, and free-standing deformed shapes

satisfied. Please refer to Eqs. (24), (26), and (58) in Ref. [7] for
further justification.

Using our approach, we successfully obtained deformed configu-
rations of the ferromagnetic rod with R=0. However, we are
unable to capture the intriguing even-numbered mode shapes for
the fixed—fixed scenario, which exhibits nonzero R, as discussed in
Refs. [6,15]. This limitation underscores the complexity of these con-
figurations and suggests potential areas for further investigation.

To obtain the first mode shape of a pinned—pinned configuration,
we integrate along a trajectory starting from a point on the #-axis
(0" =0) until it intersects the @-axis again, thereby completing a
half-revolution (see Fig. 14(b)). The deformed shapes are plotted
in Fig. 16 for K =100 and P = 1.1z%, which exceeds the critical
load for the purely elastic pinned—pinned rod, given by

P ritical = 7%. Note that we observe a self-intersection in the rod
when it is exposed to longitudinal k..

To determine the first mode of the fixed—fixed rod, we start from a
point on the vertical (§')-axis and integrate along the trajectory
until we return to the starting point, thus completing a full revolu-
tion (refer to Fig. 14(c)). We have chosen the value of P as
4.57%, which is greater than the critical load for a purely elastic
fixed—fixed rod (Pcritical =47%). The resulting deformed shapes
are shown in Fig. 17.

Determining the higher mode shapes of pinned—pinned configu-
rations requires integrating over the corresponding number of half-
revolutions for the appropriate value of P. For the odd-numbered
modes in the fixed—fixed case, we perform integration over the cor-
responding odd number of full revolutions. In all scenarios, the

Longitudinal he: P = =, K, = 100

i) S . . s
-3 -2 -1 0 1

C =-3.29
s S 2 3
P3
- C=0
C =3.29

Fig. 13 Longitudinal h, (P = 72/3, K4 = 100): localized shapes obtained by integrating along
the homoclinic orbit coinciding with the inner separatrix (highlighted in magenta) and the het-
eroclinic orbit (shown in black). A shape determined by integrating along a trajectory C=0
within the inner and outer separatrices is shown.
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Fig. 14 Schematic of trajectory integration showing (a) quarter-revolution, (b) half-revolution, and (c) full rev-
olution; C1 > C, > C3. Note that for each of the aforementioned cases, the total arc length (highlighted in blue)

of the deformed shape is 1.

choice of the originating point (8, #") must ensure that the total inte-

gration results in an arc length of unity.
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Fig. 15 Deformed shapes of unit length Euler strut for purely
elastic, transverse, and longitudinal h. cases for (P =x2/3 and
Kq =100)

Fig. 16 Deformed shapes of unit length pinned—pinned rod for
purely elastic, transverse, and longitudinal h. cases at P =
1.12%2 and K4 = 100
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Fig. 17 Deformed shapes of unit length fixed—fixed rod for
purely elastic, transverse, and longitudinal h. cases at P =
4.572 and Ky = 100

6 Conclusions

In this study, the equilibrium configurations of a ferromagnetic
rod were analyzed under varying applied loads, while maintaining
a fixed magnetization, utilizing the Kirchhoff kinetic analogy.
Numerical methods were employed to compute the deformed con-
figurations by leveraging the phase portrait trajectories of the corre-
sponding Hamiltonian system. The numerical scheme was first
validated against purely elastic rods, successfully reproducing the
equilibrium configurations reported in Refs. [7,18], thereby estab-
lishing the reliability of the computational approach. Following
this validation, we focused on a soft ferromagnetic rod under two
distinct cases: one involving the application of a transverse external
magnetic field and the other involving the application of a longitu-
dinal external magnetic field. The external field was assumed to be
sufficiently large to align the magnetization of the deformed ferro-
magnetic rod along the field direction. We showed that Kirchhoff’s
kinetic analogy can be extended to the ferromagnetic Kirchhoff rod.
Using this analogy, we determined equilibrium shapes for certain
free-standing ferromagnetic elastica as well as for specific boundary
value problems.

A standard linear bifurcation analysis of the equilibrium equa-
tions for the elastica reveals that a rod undergoes a supercritical
pitchfork bifurcation near the critical compressive load [6].
Similarly, linear analysis of the equilibrium equations for a
ferromagnetic ribbon shows that near the critical load, the ribbon
experiences a supercritical pitchfork bifurcation under a transverse
external magnetic field and a subcritical pitchfork bifurcation under
a longitudinal external magnetic field. These equilibrium equations
can be derived from the first variation of the total energy of the fer-
romagnetic ribbon, where the energy density is represented by the
Lagrangian.

The equilibrium configurations of elastic structures are governed
by the Euler-Lagrange equations derived from the energy func-
tional. Solving these equations yields the equilibrium shapes of
the system. A linear bifurcation analysis of the equilibrium equa-
tions for the elastica (Euler strut with fixed-free boundary condi-
tions) indicates that a rod undergoes a supercritical pitchfork
bifurcation when subjected to a compressive load near a critical
threshold [12]. A similar linear stability analysis of the equilibrium
equations for a ferromagnetic ribbon reveals that near the critical

081003-12 / Vol. 92, AUGUST 2025

load, the ribbon exhibits different bifurcation behaviors depending
on the direction of the applied external magnetic field. Under a
transverse external magnetic field, the ribbon undergoes a supercri-
tical pitchfork bifurcation at a critical load P; = —20.01z2. In con-
trast, when subjected to a longitudinal external magnetic field, the
system experiences a subcritical pitchfork bifurcation at a critical
load P, =20.51z2 [6].

In our article, we have analyzed the phase portrait of the Hamil-
tonian system describing a ferromagnetic ribbon subjected to an
external load. Our investigation reveals that, under a transverse
external magnetic field, the phase portrait exhibits a subcritical
pitchfork bifurcation at a load P; = —20.267 as P is reduced. In
contrast, when a longitudinal external magnetic field is applied,
the phase portrait of the Hamiltonian displays a supercritical pitch-
fork bifurcation at a load Py = 20.2672. Notably, the bifurcation
loads identified in the Hamiltonian phase portrait analysis differ
from the critical loads obtained through linear bifurcation analysis
of the equilibrium equations. This distinction emphasizes the differ-
ence between the critical buckling loads (P;, P,) determined from
the equilibrium equations and the bifurcation loads (P3, Ps)
observed in the phase portrait of the Hamiltonian system.

This work can be extended to analyze ferromagnetic elastic strips
or ribbons by utilizing Kirchhoff’s kinetic analogy. The Kirchhoff
kinetic analogy can be suitably modified to account for the
unique mechanics of elastic ribbons. Building on prior analyses,
we aim to explore how the divergence of magnetization in ferro-
magnetic ribbons depends on their twist [6]. Future investigations
will focus on studying the combined effects of twist and tension
in ferromagnetic ribbons. Such an analysis is particularly compel-
ling, as twist and tension in purely elastic rods are known to
produce localized solutions, such as plectonemes [2]. Understand-
ing how these phenomena manifest in ferromagnetic ribbons
would offer valuable insights into the interplay between magnetism,
elasticity, and geometric constraints in slender structures.
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